Einsteinian gravity from a topological action 
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INTRODUCTION 

On the macroscopical level, Einstein's general relativity has passed every test "with 
flying colors", see Will [67] for a recent review. However, Einstein's theory sofar 
has resisted any attempt of quantization, e.g. it is known to be perturbatively non- 
renormalizable, partially due to its dimensional coupling constant 2 . String theory or 
brane scenarios with extra dimensions have been proposed as a rescue, some of which 
are implying, however, deviations of standard gravity in the sub-millimeter range. Re- 
cent torsion balance experiments [28] have probed the inverse square law and found no 
deviation even below the hypothetical dark energy (DE) scale of Ade = (^c/Pde) 1//4 — 
85 /im. Thus this 'window' of possibly new gravitational physics seems also to be clos- 
ing. 

In 1974 Yang proposed an affine gauge theory gravity [70] which, due to its scale in- 
variance, can be regarded as a rather promising fundamental theory of (quantum) gravity 
in the high-energy limit [25], without invoking extra dimensions or supersymmetry, cf. 
Ref. [30]. An additional duality constraint on the curvature could be extremely important 
for the path integral approach to quantum gravity. Then instanton type configurations 
[22] near the classical ones, i.e. Einstein spaces, are more probable then the 'spurious' 
Thomson spaces, as one would expect naively. For the modified duality with a breaking 
of scale invariance, the transition amplitude peaks at classical Einstein spaces only. Al- 
ternatively, in a four-dimensional Yang-Mills theory gauging the de Sitter group [37, 54], 
scale invariance gets spontaneously broken by a pseudo-Goldstone type 'radius vector' 
[62], odd under CR in order to recover the Hilbert-Einstein action plus the Euler term. 

From the work of Stelle [59] we know that the curvature squared gravity in Rieman- 
nian spacetime is perturbatively renormalizable but unfortunately plagued with physical 
ghost, i.e. negative residues in the graviton propagator [36]. This finding has diminished 
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2 It has to be kept in mind that Newton's gravitational constant G is one of the less precise known constants 
of physics. In order to improve this situation, there are plans [1] to measure the gravitational attraction 
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the initial interest [19, 20] in such models. 

Much more promising and elegant is to start from a purely topological classical action, 
proportional to the gravitational Pointrjagin (or Euler) invariant and then quantize this 
model by nilpotent Becchi-Rouet-Stora-Tyutin (BRST) transformations generated by s. 
Such a topological action is not only completely metric-free, but moreover conformally 
invariant [69, 34] and can provide a consistent Topological Quantum Field Theory 
(TQFT) as shown by Witten [68, 9]. Lateron, it was realized by Baulieu and Singer 
[6] that for Yang-Mills theory Witten's action is a gauge-fixed version of the classical 
topological action through the standard BRST quantization procedure. Then the total 
Lagrangian consists of a d-exact part, as exemplified by the Pontrjagin invariant of the 
structure group, as well as an s-exact piece accounting for the chosen gauge fixing. 
Modulo an exact form, the full Lagrangian turns out to be BRST-invariant. 

In the case of gravity one can obtain a rather realistic gravitational 'background' 
dynamics, if we complete the topological action by gauge constraints, enforcing the 
Lorentz condition on the linear connection and double duality on the curvature. Then 
the resulting model depends on the metric of spacetime only via the s-exact term. This 
conforms with the general expectation that it is ultimately the process of quantization 
which necessarily induces a physical scale into a primordial topological model. Accord- 
ing to Faddeev [18], quantization amounts to a stable deformation of the classical Pois- 
son algebra with a dimensional transmutation due to the physical dimension [h] = [p] [q] 
of Planck's constant fi. 

In this paper, we investigated the BRST quantization of topological gravity, cf. Ref. 
[69], following essentially Baulieu and Singer [6], cf. also Refs. [5, 2, 7]. Moreover, its 
classical limit, corresponding to the most probable, extremal 'trajectories' in the Feyn- 
man path integral, is analyzed. In the case of gravity, these are classical configurations 
with self- or anti-self dual curvature. In order to lift this 'vacuum degeneracy', a mod- 
ified double duality constraint is considered which explicitly breaks scale invariance. 
For torsionless configurations, we can demonstrate that only Einstein's GR, consistently 
coupled to the symmetrized energy-momentum current of matter fields, surface as low- 
energy (long range) effective theory, satisfying all macroscopic tests. The paper focusses 
on the main physical features of the model, deferring details of the formalism to three 
Appendices. 

WEYL-YANG THEORY OF GRAVITY 

In 1974 Yang [70] tentatively considered the possible replacement of Einstein's gen- 
eral relativity (GR) by an affine gauge theory with a Yang-Mills type action. In fact, 
curvature- squared Lagrangians had been considered before, first in 1919 by Weyl [65] 
with the emphasis on scale invariance, and then later by Stephenson [60], Higgs [27], as 
well as Kilmister and Newman [31]. 

When written in differential forms, the Stephenson-Kilmister-Yang (SKY) La- 
grangian is given by 

L S KY = ~R ap A*Ral3- (1) 



Our notation follows closely Cartan's exterior calculus, cf. Ref. [26] for details. Then 
Yang's vacuum equations 

D*R a p=0 (2) 

together with 

E a = \ (e a \R» v A % v - R» v A e a \ % v ) = (3) 

follow from varying the Lagrangian with respect to the connection one-form T a P := 
as well as with respect to the coframe # a = ej a dx J . 
The short-time initial value problem of Eq. (2) is well-posed [24]. Moreover, it does 
not depend on any length scale, i.e. it is scale invariant as envisioned by Weyl [66] . In this 
aspect it would be a good starting point for quantization, if one could avoid the physical 
ghost in the propagator of the gravitons. Consequently, a related purely topological 
action, in which the Hodge dual * in (1) is dismissed, could be more promising. 



TOPOLOGICAL ACTION 

Adopting ideas of Witten [68] for a topological Yang-Mills theory (TYM) and replacing 
the internal SU (N) group by the linear group 5L(4,i?) of the tangent space embracing 
the Lorentz group 50(1,3) (or 50(4) in Euclidean space with signature sig = 0) as 
subgroup, we start from the gravitational Pontrjagin four-form 

^Pontr := dC RR = Tr{QAQ} 

= ^ARp a = l -d(r a PAR p a - 1 -r^Ar p r A r r a ), (4) 

which locally is a d-exact form violating parity P. Our ' Cliff orm' notation is summarized 
in Appendix A following Ref. [42]. This Lagrangian is completely metric-free and as 
well invariant under the topological BRST transformations s modulo an exact form, i.e. 

sL Pontr = 2JTr{¥ A Q} = dp? J* ARp a ). (5) 

Here *F the one-form of the topological ghost with values in the Lie algebra of the 
linear group and the topological BRST transformations s are specified in Appendix 
B. A similar result would hold for the CP-invariant Euler term (28), i.e. sLEuier = 

. However, the latter is only partial metric-free, since it involves 

the signature sig of the metric implicitly in the definition of the Lie dual, cf. Ref. [11]. 

This purely topological action can be amended by any s-exact form, provided s 
is a nilpotent BRST transformation, i.e. one with s 2 = without affecting the nice 
properties of the topological action. Following Baulieu and Singer [6], we may choose 
the Lorentz type conditions d*T = 0, D*^ = on the connection and the topological 
ghost, respectively, as well as the self-or anti-selfduality = of the curvature as 

gauge constraints consistently implemented via the Faddeev-Popov type Lagrangian 

L FP := -sTrlxA* ± & ±) +®D*y + ^pxA*b + cdT+^cA*B\ 
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(6) 



where the trace is over the generators of the Lie algebra. Such a constraint, at the same 
time, constricts the linear group SL(4,R) to the Lorentz (or 4D orthogonal) group as a 
subgroup. For comparison, also its component form is given. In order to end up with a 
four- form Lagrangian, the auxiliary fields % and b have to be selfdual two-forms. In this 
framework, the so-called fermionic constraint is *P := c a pd *T a $ + A *B. 

In the following we are going to demonstrate that the full topological gravity La- 
grangian 

L TG = dC RR + L FP (7) 

is BRST invariant and classically equivalent to the self- or anti-selfdual version of SKY 
gravity as given by Eq. (1). 

EFFECTIVE SELFDUAL SKY GRAVITY 

Performing the BRST transformation s in the gauge-fixing Lagrangian (6), we obtain 
after a long but straightforward calculation using the rules of Appendix B the result 

L FP = - Tr{bA* ± a^ + XA*D¥-x~A* c, ± Q (±) 
+ rfD*W + &D*DW + &\V,* x P\+Bd*r 
- cd* x ¥ + cd*(Dc) + ^pbA*b+^BA*By (8) 

The variation with respect to the auxiliary field B yields the Lorentz type condition 
d*T = *B on the connection. Moreover, for vanishing real gauge parameter p = 0, 
the equation of motion for the two-form b enforces the self- or anti-self double duality 
condition 

:=Q± *Q W =0 (9) 

on the curvature two-form Q., where we distinguish between the Hodge dual * and the 
Lie dual W in a space(-time) of signature sig. 

In the case of the choice p = 1 of the real gauge parameter, the two-form b is present 
in two terms, but then can be eliminated by a Gaussian integration in Euclidean space 
such that, up to gauge fixing terms, the SKY Lagrangian remains supplemented by the 
topological Euler term (28) as a boundary term, i.e., 

Z« Y = jTrf^A^)) 

= ~ (R a p ± A * (gap ± *gaP{*)^ (1Q) 



The following argument is similarly to the path-integral approach to gravity, where the 

transition amplitude / S^Texp [— fV^yd 4 */? 1 ] is evaluated in an imaginary 'spacetime' 
with Euclidean signature, cf. Ref. [40]: It is obvious from the equivalent binomial form 
of the effective SKY Lagrangian that anti-selfdual solutions [38, 8, 46] as well as the 
selfdual spaces 

*«P = =F**$ (ID 

are extrema, but the minimum contributes the most to the transition amplitude. (For 
Euclidean signature sig = 1, their solutions correspond to gravitational instantons, cf. 
Ref. [17].) Both constraints satisfy Yang's equation (2) due to the Bianchi identity (25) 
for the Lie dual of the curvature as well as the condition (3) of vanishing gauge field 
energy, typical for instantons. According to (29) the first case corresponds to Einstein 
spaces, annihilating the corresponding partially topological action, whereas the selfdual 
case induces Thompson spaces [61]. This 'vacuum degeneracy' was known already to 
Fairchild [19, 20] and discussed in more detail in Ref. [64], where the anti-selfdual SKY 
model has been coined "Yang-Mielke" theory of gravity. 

Concentrating on topological terms such as those of Pontrjagin (26) and Euler (28), 
related self-dual modifications have also been advocated as topological 4D selfdual 
gravity by Nakamichi et al. [49]. There, self- or anti-selfdual solutions are 'living' on 
Einstein spaces, as well. Moreover, deformations of conformal gravitational instantons 
can be classified topologically, cf. Ref. [55]. The addition of the Pontrjagin term with 

respect to the Riemannian curvature R^n and the axial torsion one-form srf := *(i9- a A 

T a ) is rather well motivated by the axial anomaly 

(dj 5 ) = 2/*m(W5 V> " ^2 [ R ap AR{}aP + \d*Ad*) (12) 
in the coupling to Dirac fields y, cf. Refs. [32, 44] and the literature therein. 



MODIFIED DOUBLE DUAL GAUGE FIXING 

In order to lift the vacuum degeneracy of selfdual SKY gravity, we may impose instead 
a modified gauge constraint via 

L FP (R) = sTr{xA (h - fl£n« - ^ a) } , (13) 

involving the curvature excitation H := ^H a pO a P associated with a general quadratic 
curvature Lagrangian Lqpg in Poincare gauge framework, where 

H a p := -dL QPG /dR^ = - * ^£ b {N) WR a ^j (14) 

can be expanded into the irreducible curvature pieces. The propagating modes and parti- 
cle content of such a model are known from the work of Sezgin and van Nieuwenhuizen 



[58], cf. Ref. [33]. In addition, the Hilbert-de Donder gauge condition d*y= and fur- 
ther ghost constraints need to be added to comply with the BRST algebra of the coframe 
y=$ a y a indicated in Appendix C. 

Then there arises the modified double duality ansatz 

for the rotational field momenta [39, 41, 71] as a gauge constraint. Here 6j, and 0£ 
are dimensionless constants related to the individual coupling constants in the 0-type 
boundary terms (28) and (28). (The instanton solutions of Yang's theory of gravity, 
classified [38] already 1981, are a special case of the ansatz (15) for the choice 0^=0 
and 0^ = Tl-) Interesting enough, it can be regarded as field redefinition (FR) of the 
linear connection T such that (15) is induced, see Ref. [43] for details 3 . 



EINSTEIN EQUATION WITH INDUCED COSMOLOGICAL 
CONSTANT AND AXIDILATON COUPLING 

In accordance with the classical field equations of affine gauge theory, in the torsionless 
case we are then left with Eq. (5.8.29) of Ref. [26], i.e. 

-E„ = ^RMr a T7 a/3y - 0|A e ri a = £ 2 a a , (16) 

where G := A rj a p Y y a is the usual Einstein-Cartan (EC) current three-form which 

is dual to the usual Einstein tensor Gij := Ricjj — \gij. In the case of the real gauge 
parameter p = 1, the two-form b can again be eliminated by a Gaussian integration such 
that, up to gauge fixing terms, a generalization of the dual SKY Lagrangian similar to 
the quadratic expression (9.8) of Ref. [40] remains. 

In both cases, our gauge constraints induce the classical Einstein equations 

e 

G a -A e r] a = —(7 a (17) 

for the Riemannian background with the symmetric Belinfante-Rosenfeld three-form 
a as source and an effective gravitational coupling constant fQff = 

e 2 /e*. 

Thus by modifying the gauge constraint, the double duality relation (15) surfaces 
which eliminates the 'vacuum ambiguity' for the exact solutions of SKY gravity, and 
only Einstein spaces remain as classical 'background'. Due to the explicit appearance 
of a length scale (<p) °c l/£ in the ansatz (15), it is suggestive to associate this with a 
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(sponteneous) symmetry breaking of the scale or Weyl invariance of the original La- 
grangian Lqpq related to (14), for instance in a model [25] dynamically coupled to a 
dilaton field <p, cf. Ref. [16]. In a Riemann-Cartan-Weyl spacetime, generalizations of 
Einstein's equations with axial torsion as exemplified in Eq. (31) and a Weyl covec- 
tor coupling can arise. When they are induced by an axion a and dilation <p as poten- 
tials, a cancelation of the axial torsion part in the chiral anomaly (12) can be achieved. 
Similarly as in strings, both may even combine into a single complex scalar, the axi- 
dilaton 4> = a + if(pexp(—(p/f(p), cf. Refs. [57, 47, 29]. Moreover, the torsion-induced 
quintaxion may simulate 'dark energy' (DE) with interesting repercussions on the cos- 
mological evolution [48]. The anharmonic oscillating phases of inflationary expansion, 
decelerating graceful exit and acceleration could be related to the observed epochs in 
our Universe. 

In general, an induced cosmological constant 

Ae = -2PW + b 6 ) (18) 

of microscopic origin [39] is unavoidable with an interesting (Anti-) de Sitter back- 
ground, resembling the intriguing AdS/CFT correspondence. Moreover, there are strong 
indications from supernova observations [3] that the present epoch of the Universe is 
dominated by 'dark energy' in form of a tiny cosmological constant. Moreover, a cou- 
pling of the Euler or Gauss-Bonnet term to a hypothetical scalar field may generate [15] 
some of the cosmological dynamics responsible for the transition from matter domi- 
nance to the acceleration of the present epoch associated with DE. 

Consequently, there is still a valid avenue to a consistent quantization based on a 
topological version of selfdual SKY gravity, departing, in a gauge covariant approach, 
from a J-exact topological term. Due to the nilpotency of the corresponding BRST 
charges [45], the s-exact term can easily account for the necessary gauge constraints 
such as (15) implying Einsteinian gravity for the classical 'background'. This, to some 
extent, provides an answer to the issue already raised 1963 by Feynman [21], whether 
Einstein's GR, in view of its force-free geometrical concepts, needs to be quantized at 
all or if curved spacetime can be left as an arena for quantized (topological) fields to play 
out. One would like to see generalizations of our approach to affine topological gauge 
models of gravity based on superconnections [50, 51] including the Higgs field. 
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APPENDIX A: RIEMANN-CARTAN GEOMETRY IN CLIFFORD 
ALGEBRA-VALUED EXTERIOR FORMS 



The coframe # a = ej a dx^ of dimension [length] and the dimensionless connec- 
tion one-form T a ^ = dx l are the gauge potentials of nonlinearly realized 
local translations [62] and local linear transformations, respectively. The dual ba- 
sis {r\ a , rj a p, rj a py , rj a py§} of exterior forms can be generated from the volume 

four-form t] = r) a py§'& a A^A t? 5 /4! by consecutive interior products J via 
t]a '■= ^a\t] = *#a , etc. On a four-dimensional manifold with metric index sig, the 
Hodge dual of p-forms is almost involutive, i.e. **a = (— l) p ( 4 ~ p ) +slg a. For spacetimes 
where sig = 1 holds, it induces an almost complex structure, cf. [13] . In four dimensions, 
the Hodge dual applied to two-forms is conformally invariant [4] . 

For a concise formulation of the BRST transformations it is instrumental to re- 
express the Riemann-Cartan structure of spacetime in terms of Clifford algebra- 
valued differential forms: In the familiar Pauli representation [10], the 16 matrices 
{U,y a ,0 a p,y5,y5ya}, where o a p := j(y a yp -ypy a ) are the Lorentz generators and 
75 = —i Yq Y\ Y2 7%> constitute a basis of the Clifford algebra in four dimensions with the 
defining relation 

7ar/3+r/3r« = 2o aj8 l 4 . (19) 

They are normalized by Tr(y a jp) = Ao a p and Tr(o a p o^ 8 ) = 8 8j a 8^, where [cej3] = 

5 (a/3 — /3 a) denotes the antisymmetrization of indices. 
In terms of the Clifford algebra-valued coframe and connection 

y.= YaV a , T;= l -T a Vo a p=Ttt-K, (20) 

where K := ^K a $ o a p is the contortion one-form, the 50 (1,3) = SL(2,C)-covariant 
exterior derivative D = d + [T, ] employs the algebra-valued form commutator 
[¥,4>] := ^A* - ( — l)PiP2cj> /\ The Hilbert-de Donder and Lorentz type gauge 
conditions involve the Hodge dual and can be rewritten as the following conditions on 
four-forms 

d*y=0, dT = 0. (21) 

Differentiation of these basic variables leads to the Clifford algebra-valued torsion 
and curvature two-forms 

:= Dy=T a y a = (d$ a +Tp a A^)y«, 

a := jr+rAr=^(7 a/3 = ^(jr/-r^Ar/)(7 a / 3, (22) 

respectively. The compact Clifform formula for the curvature was already known to 
Schrodinger [56]. In a RC spacetime, the translational and Lorentz-rotational Chern- 
Simons terms read 



Crr := Tr (V Afl- ^ATAr) , (23) 

where srf := *(# a A T a ) = stfidx 1 is the axial torsion one-form. The translational Chern- 
Simons term is not Weyl invariant, cf. (3.14.9) of Ref. [26], due to the occurence of a 
fundamental length £. In view of (19), the Clifford algebra approach has the advantage in 
employing the trace in the definition (23), whereas the usual generators P a of translations 
commute and do not have a non-degenerate Cartan-Killing metric. 
The Ricci identity for a p-form *P reads 

DDm= [Cl^]. (24) 

In RC geometry, the first and second Bianchi identities adopt the form 

D®=[a,r], DQ = 0, DnW = 0, (25) 

respectively, cf. Ref. [42] for further details. Here the Lie dual of the curvature is defined 

The Lagrangians corresponding to the Bianchi identities (25) are the boundary terms 
L NY := dC TT = ^ ft" A T a +R ap A $ a A , (26) 
Lpontr := ^Crr = -R a ^ ARp a (27) 



-lR { L A R {}ap - T-rd *st KV$-\si Kdst+\*s* 



2 a ?> 12 
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A*(^A W) 



The latter contains, amongst others, a term proportional to the Riemannian curvature 
scalar := *(R^ a P A r\p a ) and the axial torsion piece dsrf Adsrf of the axial anomaly 
[32, 43] with a relative factor 9. Up to normalizations, the four-forms (26) and (28) are 
known as Nieh-Yan [52] and gravitational Pontrjagin term, respectively. 
On the other hand, the topological Euler term 

L Eu ier := (-l)^ +i Tr{aAa^ = t^l R ^ AR M 



(_l)sig 
2~ 



d (r aP a R a P w - \rj w a iy a r y ° ) 



ii? aj8 A *R"P - 2Ric a p A *Ric a P + l -Ric a a A *Ric^ 



(28) 



for Riemann-Cartan spaces has an equivalent representation in terms of Yang's La- 
grangian Lsky as well as a Ricci-squared and a curvature scalar squared term, cf. Eq. 
(3.1) of Ref. [38]. The expression in terms of the symmetric Ricci tensor, i.e. the zero- 
form Ric a p := ( — iy ig *(R( a 8 A Tfs\p)), is also known as Gauss-Bonnet term. 
Due to the algebraic Lanczos identity [35], the double dual curvature 

* R ap = (- i y igR ap+e[a\G p] + + D [a T p] (29) 



can be written in terms of a contraction of the EC three-form G a '■= R$ 7 f\r\ a py/2 and 

the curvature scalar R := ep\e a \R a P, a zero form; cf. Ref. [38] for the same result in 
Riemannian spacetime and in components. 
Likewise, the Einstein-Cartan three-form 

G := ItfPr A n a p 7 f (30) 

decomposes into the Einstein three-form = G a PripY a with respect to the Rieman- 
nian connection and axial torsion pieces, see Ref. [48] for details. 

APPENDIX B: BRST TRANSFORMATIONS 

In the BRST formalism, the infinitesimal gauge transformations are converted, via 

ghosts, into operator transformations. Let c := ^c a P o a p denote the zero-form of the 

(xB 

usual Faddeev-Popov ghost, cf. Refs. [45, 63], *P := ■ .o a pdx J the topological ghost 

one-form and 4> := ^ a ^o a p the corresponding ghost of the topological ghost. All are 
Lie algebra- valued due to the appearance of the generator a a p of the linear (or Lorentz) 
group. 

Then the global BRST transformations generated by the zero-form s take the form 

sT = *¥-Dc, 

l r . 

SC = * - 2^ c ' c J' 
sQ. = D^-lcQ], 
s y = -£><D-[c,¥], 

s 4> = -[c,4>]. (31) 

This is consistent with the interpretation of T and Q. as connection one-form and gauge 
two-form, respectively. The topological ghost *P complements the inhomogeneous trans- 
formation law of infinitesimal gauge fields. By construction, these BRST transforma- 
tions are nilpotent for all variables, i.e. s 2 = 0. 

In the rather elegant geometrical interpretation of Ref. [6], the graded 4 connection 
and curvature defined via 

f:=r©c, a:=a©^©4>, (32) 



4 The grading permits using the direct sum © of exterior forms carrying different form degree p and ghost 
number g, such that the graded commutator is now defined by [ y i , ,<P] := ¥ A4>- (-l)(Pi+8i)fa+82)&A*P, 
cf. Ref. [14]. 



satisfy the corresponding graded structure equation and second Bianchi identity for the 
graded curvature, i.e. 

(j©s)f+^[f,f] = a, 

(d®s)a+[f,Q] = 0. (33) 

They comprise all the BRST transformations (31) above, and constitute an ordinary de 
Rham cohomology. Moreover, a straightforward proof of the nilpotency of the BRST 
operator s now follows simply from (d © s) (d © s) = as a result of the graded Bianchi 
identity (33), the anti-commutation of the graded commutator [s, d] = 0, and the Poincare 
lemma dd = 0. 

In order to implement the gauge constraints one uses the antifield formalism, where 
the Lorentz algebra-valued antighosts c, %, and <J> obey the following BRST transforma- 
tion rules 

sc = 5, 55 = 0, 
s% = b , sb = , 

5$ = r\, sr[ = 0. (34) 

By construction s is nilpotent for the antighosts, since the Lagrangian multiplier Tf , the 
selfdual two-forms B and b are auxiliar fields introduced as trivial pairs. A symmetric 
ghost/antighosts spectrum of an extended BRST invariance could be obtained via a field 
redefinition [12]. (For metric-affine gravity, an antifield formalism has been developed 
in Ref. [23] without employing topological ghosts.) 

By introducing a BRST gauge field a = Ctidx 1 with ghost number —1 and a commut- 
ing ghost X of a, one can promote [2] the global BRST transformations (31) into local 
ones, where 

s x (a + X) = -dX, s x X=0 (35) 

is satisfying the algebra 

(d®s{)(a + X) = da. (36) 

The cohomology (33) of the BRST transformation remains unchanged by this promotion 
which, likewise, can be generated via the field redefinitions c — > (a + X)c, *P — > (a + 
X)^ as well as 4> — > (a + X) 2 <& of the ghosts, see Ref. [2] for more details. Thus, 
local BRST invariance of an action puts no more restrictions on its form than the usual 
global one: The gauge field a is only present to compensate for the enlargement of the 
symmetry, from global to local, but it cannot propagate, due to its non-vanishing ghost 
number. 

APPENDIX C: BRST TRANSLATIONS AND DIFFEOMORPHISMS 

By gauging the translational part R 4 of the affine group [26], there arises a translational 
connection r( T ) which in gravity is usually 'soldered' [62] to the base manifold, with 
the familiar tetrads or coframe y as the result, cf. (20). Then the topological structure 



equations (33) for the linear connection get amended by the corresponding graded first 
Cartan structure equation and the first Bianchi identity 

(d®s)r+[f,r] = 0, 

(J©s)0 + [r,0] = [a,y], (37) 

respectively, for the graded torsion two-form := © y/ © 0. (When undoing the 
'soldering', the translational connection r( T ) would need to be graded as well, e.g. by 
the substitution y — > y := 7© c in the first structure equation.) 

In topological models of gravity, diffeomorphisms can also be taken account of by 
generalizing the BRST transformations s via s — > 7= s + hs involving the covariant Lie 
derivative : = t, J D — Dt; J built from the interior product J with respect to an anticom- 
muting ghost vector field t, = t, l di. Note that there is sign difference in the definition of 
L,c, since t, has ghost number one. Then the BRST algebra remains intact [7, 14], up 
to a redefinition of all ghosts by means of a similarity transformation generated by the 
formal exponential 

exp(^j) := 1 + §J + (38) 

In effect, the graded curvature and torsion in the cohomologies (33) and (37) are replaced 
by exp(<^J )£l and exp(<^J )0, respectively. 
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